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Abstract
Since the work of Bershadsky and Ooguri it is well known that correlators of SL(2)
current algebra for admissible representations should reduce to correlators for conformal
minimal models. A precise proposal for this relation has been given at the level of corre-








being a variable to
keep track of the SL(2) representation multiplet (possibly innitely dimensional for ad-
missible representations), then the minimal model correlator is supposed to be obtained




. Although strong support for this has been presented, to
the best of our understanding a direct, simple proof seems to be missing so in this paper
we present one based on the free eld Wakimoto construction and our previous study of
that in the present context. We further verify that the explicit SL(2) correlators we have
published in a recent preprint reduce in the above way, up to a constant which we also
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1 Introduction
The relation between the SL(2) current algebra and the Virasoro algebra via hamiltonian
reduction is well known [1]. In particular Bershadsky and Ooguri [2] used the powerful




WZNW theory after reduction, and on the other hand conformal minimal theory
labelled by (p; q), provided k + 2 = p=q, and admissible representations were used in the
WZNW case. This equivalence was discussed in those references at the level of the algebra
and of the BRST cohomology of physical states. A particularly simple and remarkable
realization of these ideas has been discussed by Furlan, Ganchev, Paunov and Petkova
[3] at the level of N-point conformal blocks on the sphere. The formulation is in terms
of primary elds of the ane algebra in a formalism where they depend on two points

































A primary eld, 
j

















































The statement in ref.[3] and under investigation in the present paper is that correlators of
such primary elds should reduce to corresponding ones for a particular minimalmodel in
the limit where all x's are put equal to the corresponding z values. We shall come back
to a more precise statement which may also be formulated for conformal blocks. The
authors of ref.[3] construct a solution of the Knizhnik-Zamolodchikov equations [8] such
that the x
i




), and by construction that




= 0 reproduces the
corresponding minimal model correlator. The expansion coecients are given in terms of
recurrence relations
1
. To make sure that this solution of the KZ equations really generates
the WZNW correlator (up to normalization) a study is performed in [3] of the null vector
decoupling that follows from that solution, and whether that is as expected for a WZNW
correlator. Although this was checked in many examples no explicit general proof was
1
In fact it appears that the sums may be explicitly performed, V.B. Petkova, private communication.
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provided. The relation between null vector decoupling in WZNW correlators and minimal
model Virasoro ones was discussed for example in ref.[9]. Thus, while there is very strong
evidence for the validity of the assertion, at least a simple and straightforward explicit
proof is not available. This is what we intend to supply in the present paper.
In ref.[7] we have recently shown how to evaluate ane model conformal blocks within
the framework of the free eld Wakimoto construction [10]. In particular we developed a
technique based on fractional calculus for how to deal with the \second" screening charge
written down in ref.[2] which involves fractional powers of free elds and which is crucial
for being able to deal with the case of admissible representations. Very similar techniques
(without the present applications) have also been worked out by Andreev [6].
In sect. 2 we provide a simple direct proof of the reduction betweenWZNW correlators
and minimal model ones as described above. However, we nd that the ane model
conformal blocks dier from the minimal model ones by a normalization factor which we
evaluate and sometimes nd to be zero, making the procedure of ref.[3] singular in those





's independent of the factor of proportionality. This is reasonable because such a
proportionality constant would depend on normalizations of the currents. In sect. 3 we
compare with standard forms of hamiltonian reduction, and in sect. 4 we explicitly verify
that the correlator we wrote down in ref.[7] satises the theorem proven in this paper.
2 Proof of the reduction at the correlator level
The free eld Wakimoto realization [10] is obtained in terms of free bosonic elds of
dimensions (1; 0) and of a scalar eld which we take to have the following contractions




















(z) =   : 
2
 : (z) + k@(z) 
p
2t@'(z)
t  k + 2 6= 0 (5)
The Sugawara energy momentum tensor is obtained as
T (z) =: @ : (z) +
1
2












The primary eld is [7]

j






























Here the choice of the parameter  depends on the monodromy conditions of the primary
eld 
j
(z; x) around contours in x-space, and those in turn depend on the other elds
present in the correlator, as is further discussed in [7].
The primary eld dened in eq.(7) may also be written as

j











































[7], must also respect the monodromy conditions in the x variables. We shall come back



































































where R stands for radial ordering of the elds. Dierent choices of integration contours
for the screening charges dene dierent intertwining chiral vertex operators [11, 12], and
dierent conformal blocks.
The relation to minimal models is obtained by writing [2]
2j
r;s
+ 1 = r   st









































































It is now clear that if one truncates the -dependence of the screening currents and the
-dependent factor in the primary elds, then the minimalmodel correlators are obtained
[3]. This is true despite the fact that the two theories, the WZNW-model and the minimal















2t for the minimal models. However, this dierence
is of no consequence in the practical evaluation of the free eld correlators since in both
cases suitable dual bra-states are used to absorb that background charge [7]. Using eq.(9)
we may further write

j



























































































































































































where C is the normalization constant, and W
'
N
is exactly the free eld expression for














(see ref.[7] for details on the bra-vacuum, see also eq.(39)) now contains the only -
dependence of the correlator, all -dependence is eectively removed from the screening
charges since 
1
contracts only with 
 1
which is the constant (w
i
-independent) mode.







































This is the simple proof of the statement presented in the beginning of this paper.
The aforementioned subtleties are associated with the fact that considerable care is





we should examine how these exponentials are dened. Indeed as discussed in [7] the
expansions of exponentials and other functions involving the - and -elds, depend on
which monodromy the problem at hand requires one to select. All these subtleties are
dealt with using the following two lemmas:















































































(z; 0) = 
j
(z; 0) (19)


















































However, when x is fractionally powered, we can no longer Taylor expand 
j
(z; x), and
the denition for both 
[n]
j









in eq.(20) requires spec-





























Although it looks like that the r.h.s. of eq.(21) depends on both  and , lemma 1
essentially means that it only depends on the combination + .
The fractional derivatives at the origin may also be considered as analytical continu-
ations of their integral counterparts. Now 
j






























We can analytically continue the variable n in the above equation from integers to complex

































































































































This proves lemma 1.


















































This proves lemma 2. Thus the manipulations in the proof in eq.(15) are justied.
6
3 Comparison with standard formulations of hamil-
tonian reduction
Having proved the equivalence of the two apparently dierent kinds of correlators, we
now want to understand this equivalence from the point of view of quantum hamiltonian
reduction. We briey review the background. Setting the Kac-Moody current
J
+
(z) = 1 (26)
in the the equation of motion derived from the SL(2) WZNW theory, one recovers the
classical equation of motion for Liouville theory. In order to implement the constraint,
eq.(26), at the quantum level, one introduces a lagrangian multiplier eld, A(z), and
follows the standard procedure for hamiltonian reduction [2], where A(z) is treated as
a gauge eld. The nal theory, after gauge xing, involves Faddeev-Popov ghost elds,
which are supposed to cancel out unwanted degrees of freedom in the original WZNW
theory. The BRST quantization has now become a standard approach to constrained
hamiltonian systems. As far as correlation functions on the sphere are concerned, the
BRST quantization is equivalent to imposing the constraint eq.(26) on the correlators.









(z)  1)j0i = 0 (28)












) = 0 n  1 (29)
In order not to confuse the notations in this paper, J
+
(z) is always considered to be a












As usual, to x J
+
(z) to be a constant value would require J
+
(z) be a scalar eld. In other
words, the energy momentum tensor must be improved from the Sugawara construction











Eq.(29) is called the physical state condition. In BRST quantization the physical
state space is the same as the BRST cohomology space Ker(Q)=Im(Q), where Q is the








Here c(w) is a conformal spin 1 fermionic ghost eld with respect to the improved energy






Eq.(29) is equivalent to the BRST condition, in which one requires that the vacuum
states h0j and j0i be physical states, and
^
O be a physical operator which maps physical
states into physical states. In other words
h0jQ = [Q;
^
O] = Qj0i = 0 (33)
Now consider the most general form for a class of conformal blocks in SL(2) WZNW
theory, which are proportional to those in the Virasoro minimal models. They can be



































































































































In general C depends on t and the j
i
's. If for some values of t and j
i
's, C vanishes,
then the correlation functions in the Virasoro minimal models can only be obtained by




is not equivalent to





























is clear that 
j
(z; 0) commutes with
~
Q, hence maps a physical state into another physical
state. Now consider the ket and the bra states. Notice that the ket state jj
1
i is a highest



















= 0; n  0 (39)























= 0; n  0 (40)
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It can be veried that with respect to the BRST charge
~
Q in eq.(38), jj
1
i is a physi-












). However, this extra degree of freedom is removed if we further impose the con-
dition eq.(37), which would x the function F (J
 
1
) uniquely, and we recover exactly the
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If we were to use 
j
(z; z) to represent a primary eld in the hamiltonian reduced system
(strictly speaking, 
j
(z; z) does not transform as a primary eld for the Virasoro algebra
in the reduced system), then we should normalize the correlation function by dividing
out the normalization constant C. Then in the limit C goes to zero, the conformal block
in the reduced system would remain nite.
In conclusion, the constraint J
+
(z) = 1 completely freezes the degrees of freedom
of the J
+
(z) eld. However we could proceed in two steps in putting the constraint





and then let J
+
 1
= 1. The rst
step would result in a class of correlation functions which are proportional to that of the
completely constrained system, like the ones considered in the previous section. However,
the remaining degrees of freedom of the J
+
 1
mode is reected by the arbitrariness of the
proportionality. If we normalize the correlation function by dividing out the normalization
constant, which is equivalent to setting J
+
 1
= 1, then we recover the corresponding
correlators in the completely reduced system.
4 Analysis of the explicit correlators
Finally we want to verify explicitly that the conformal blocks for the WZNW model




















































x; ` = 1; :::; N   1
x
N
= x  1 (44)
Thus for x = 1 we get the WZNW model with all x
i
's put equal to the z
i
's. For x = 0 we
should get the minimal model correlator. We wish to show that when this interpolating













































































































































































































This function has simple poles as a function of w. It is a rather simple matter to evaluate
























































After integration over the w
i
's we see that we precisely produce the total derivative of




















This expression will vanish since this merely is the condition that the sum of pole residues
vanishes (when the pole at innity is included as it is here).
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